Context. Differential rotation in stars is driven by turbulent transport of angular momentum. Aims. To measure and parametrize the non-diffusive contribution to the total (Reynolds plus Maxwell) turbulent stress, known as Λ effect, and its quenching as a function of rotation and magnetic field. Methods. Simulations of homogeneous, anisotropically forced turbulence in fully periodic cubes are used to extract the turbulent Reynolds and Maxwell stresses. The forcing is set up such that the vertical turbulence intensity dominates over the horizontal ones, similarly as in turbulent convection. The angle between the rotation vector and the vertical direction is varied such the latitude range from the north pole to the equator is covered. Magnetic fields are introduced by imposing a uniform large-scale field on the system. Turbulent transport coefficients pertaining to the Λ effect are obtained by fitting. The results are compared with analytic studies. Results. The numerical results agree qualitatively with analytic ones at slow rotation and low Reynolds numbers. This entails that vertical (horizontal) transport is downward (equatorward). At rapid rotation the latitude dependece of the stress is more complex than predicted by theory. The existence of a significant meridional Λ effect is confirmed. Large-scale vorticity generation is found at rapid rotation when the Reynolds number exceeds a threshold value. The Λ effect is severely quenched by large-scale magnetic fields due to the tendency of the Reynolds and Maxwell stresses to cancel each other. Rotational (magnetic) quenching of Λ occurs at more rapid rotation (at lower field strength) in the simulations than in the analytic studies. Conclusions. The current results largely confirm the earlier theoretical results but they also offer new insights: the non-negligible meridional Λ effect possibly plays a role in the maintenance of meridional circulation in stars and the apprerance of large-scale vortices raises the question of their effect on the angular momentum transport in rapidly rotating stellar convective envelopes. The results regarding magnetic quenching are consistent with the strong decrease of differential rotation in recent semi-global simulations and highlight the importance of including magnetic effects in differential rotation models.
Introduction
Understanding the causes of solar and stellar differential rotation is of prime astrophysical interest due to the crucial role that shear flows play in the generation of large-scale magnetic fields (e.g. Moffatt 1978; Krause & Rädler 1980) . The commonly accepted view is that turbulent transport of angular momentum is responsible for the generation of differential rotation in stellar convective envelopes via the interaction of global rotation and anisotropic turbulence (e.g. Rüdiger 1989; Miesch & Toomre 2009; Rüdiger et al. 2013 , and references therein). The key players in this respect are the Reynolds and Maxwell stresses that are correlations of turbulent velocity and magnetic field components, respectively. Analytic mean-field theories of Reynolds stress driving of differential rotation in stars have a long history dating back to the ideas of Lebedinski (1941) , Wasiutynski (1946) , Biermann (1951) , Kippenhahn (1963) , and Köhler (1970) ; see also the discussion in Chapter 2 of Rüdiger (1989) .
Much of the current theoretical understanding of solar and stellar differential rotation is based on the studies of Kichatinov & Rüdiger (1993) and Kitchatinov & Rüdiger (2005) who considered the effects of density stratification and turbulence anisotropy on turbulent angular momentum transport using the so-called second-order correlation approximation (SOCA). They derived turbulent transport coefficients relevant for the nondiffusive contribution to the Reynolds stress, or the Λ effect, in the hydrodynamic case. The Λ effect works as to generate differential rotation, similar to the turbulent α effect which generates large-scale magnetic fields (e.g. Steenbeck et al. 1966) .
Two-dimensional axisymmetric mean-field models making use of the analytic results or simplified descriptions based on, for example, heuristic or mixing length arguments, can explain the solar differential rotation (e.g. Schou et al. 1998 ) with good accuracy (e.g. Brandenburg et al. 1992; Kitchatinov & Rüdiger 2005; Rempel 2005; Pipin & Kosovichev 2016; Bekki & Yokoyama 2017) . Furthermore, studies of other late-type stars and the dependence on the rotation rate and spectral type (Küker & Rüdiger 2005a,b; Küker et al. 2011; Kitchatinov & Olemskoy 2011 , 2012 are in reasonable agreement with observations (e.g. Hall 1991; Henry et al. 1995; Reinhold et al. 2013 ).
Most of the aforementioned studies neglect magnetic fields which are very likely to have a significant impact on turbulent transport in real stars. The influence of large-scale magnetic fields on the Λ effect and the consequences of the ensuing magnetic quenching of differential rotation have been studied by several authors in the mean-field framework (Kitchatinov et al. 1994b; Küker et al. 1996; Pipin 2017; Pipin & Kosovichev 2017 ). An additional complication arises from the fact that turbulent viscosity also depends on rotation and large-scale magnetic fields (e.g. Rüdiger 1989; Kitchatinov et al. 1994a; Kitchatinov 2016) . Arguably the biggest caveat of the analytic studies, however, is that current approaches cannot be used to derive turbulent transport coefficients rigorously beyond the validity range of SOCA which is far removed from the parameter regimes of real astrophysical objects (e.g. Krause & Rädler 1980) . Extracting turbulent transport coefficients from numerical simulations appears like an obvious remedy to the restrictions of SOCA. Several authors have used three-dimensional simulations of turbulent convection in local Cartesian (e.g. Hathaway 1984; Pulkkinen et al. 1993; Brummell et al. 1998; Chan 2001; Käpylä et al. 2004; Rüdiger et al. 2005) and in global and semiglobal setups in spherical coordinates to compute the turbulent angular momentum transport (e.g. Rieutord et al. 1994; Käpylä et al. 2011b; Guerrero et al. 2013; Käpylä et al. 2014; Hotta et al. 2015; Warnecke et al. 2016 ). However, a unique separation of the contributions from different effects is currently not possible. This is apparent already from a truncated expression of the Reynolds stress in rotating and anisotropic turbulence:
where Q ij = u i u j is the Reynolds stress where the velocity fluctuations u i = U i − U i are the differences between the total (U i ) and mean (U i ) velocities, and Ω i is the rotation vector. Furthermore, the overbar denotes suitable averaging, and the dots on the right hand side indicate the possibility of terms proportional to higher order derivatives. The coefficients Λ ijk and N ijkl are third and fourth rank tensors, respectively, and describe the Λ effect and turbulent viscosity. It is immediately clear that in the general case the right hand side of Eq. (1) contains more unknowns than the simulations provide in the form of Q ij . A way circumvent this issue is to make simplifying assumptions, for example, regarding the turbulent viscosity to compute the components of Λ (e.g. Käpylä et al. 2010 Käpylä et al. , 2014 Karak et al. 2015; Warnecke et al. 2016 ). Another possibility is to perform fitting which, for example, involves forming a sufficient number of moments of Eq. (1) with other large-scale quantities (e.g. Käpylä et al. (2017a) ; see also Brandenburg & Sokoloff (2002) ). However, the accuracy of such methods has not been thoroughly studied. In mean-field electrodynamics a similar issue appears in conjunction with the electromotive force and its expansion in terms of large-scale magnetic fields and their gradients (e.g. Krause & Rädler 1980) . There the situation is significantly simpler in that a linear relation between the electromotive force and the mean magnetic field exists in the kinematic regime where the field is weak. In this case it is possible to extract all relevant turbulent transport coefficients by solving a sufficient amount of independent problems with imposed test fields within the framework of the so-called test-field method (e.g. Schrinner et al. 2005 Schrinner et al. , 2007 . Furthermore, the method has been shown to produce results consistent with mean-field theory even in the non-kinematic regime (Brandenburg et al. 2008a; Rheinhardt & Brandenburg 2010) . Formulating a similar procedure for the Navier-Stokes equations is, however, much more challenging due to their inherent nonlinearity.
Currently the most reliable option to extract turbulent transport coefficients relevant for angular momentum transport is to reduce the system to the least possible ingredients in order to minimize the ambiguity in the interpretation. Such approach was adopted in an earlier work by Käpylä & Brandenburg (2008) who examined anisotropically forced homogeneous turbulence under the influence of rotation in triply periodic cubes to study the Λ effect. In the current study the same model is used and the primary interest is to further refine the picture of the Λ effect in the case where the minimum requirements for its existence are present. Here the rotational quenching and Reynolds number dependence of the Λ effect are studied in detail with significantly extended coverage of the respective parameter ranges in comparison to Käpylä & Brandenburg (2008) . Furthermore, motivated by recent global and semi-global convection simulations where the differential rotation is severely affected by magnetic fields (Varela et al. 2016; Käpylä et al. 2017b) , the task of measuring the quenching of the Λ effect as a function of an imposed large-scale magnetic fields is undertaken for the first time. The numerical results are compared in detail with analytic SOCA expressions derived by Kitchatinov & Rüdiger (2005) and Kitchatinov et al. (1994b) . The current study is a step toward building a mean-field framework of differential rotation modeling in parameter regimes no longer restricted by the limitations of SOCA.
Turbulent angular momentum transport and Λ effect

Theoretical considerations
The azimuthally averaged angular momentum in the z direction in spherical polar coordinates is governed by the equation
where ρ is the density, = r sin θ is the lever arm, Ω is the angular velocity, ν is the kinematic viscosity, S is the rate of strain tensor defined below,φ is a unit vector in the azimuthal direction. The velocity and the magnetic field have been decomposed into their mean and fluctuating parts, such that U i = U i + u i and B i = B i + b i , respectively. In addition the Reynolds stress defined above, Eq. (2) includes the Maxwell stress M ij = µ −1 0 b i b j . Turbulent Reynolds and Maxwell stresses are the main contributors to the angular momentum transport (e.g. Miesch & Toomre 2009; Rüdiger et al. 2013 ). Much of mean-field theory deals with the task of representing the turbulent correlations in terms of large-scale quantities such as in Eq. (1). Here the relation between the turbulent stress and the large-scale quantities is assumed local and instantaneous. Spatial and temporal non-locality are in general non-negligible in turbulent flows (e.g. Brandenburg et al. 2008b; Hubbard & Brandenburg 2009 ). Dealing with this generalization is, however, postponed to future studies. The first term on the right hand side of Eq. (1) describes the Λ effect or the non-diffusive contribution to the Reynolds stress in rotating, anisotropic turbulence. In addition, a term proportional to large-scale velocities (Γ ijk U k ) can also appear on the right hand side of Eq. (1), see Frisch et al. (1987) . This corresponds to the anisotropic kinetic alpha (AKA) effect which arises in non-Galilean invariant flows (e.g. Frisch et al. 1987; Brandenburg & Rekowski 2001; Käpylä et al. 2017a ). The forcing used in the present study is Galilean invariant and thus the contributions from the AKA effect are likely to be negligible. However, the current data analysis method does not allow the detection of the AKA effect.
In spherical coordinates the Reynolds stress components Q rφ = u r u φ and Q θφ = u θ u φ enter the angular momentum equation directly and correspond to radial and latitudinal fluxes of angular momentum. The third off-diagonal component, Q rθ = u r u θ , contributes to the maintenace of meridional flows and thus influences the angular momentum balance indirectly (e.g. Rüdiger 1989 ). The non-diffusive part of this stress component, the "meridional" Λ effect, is typically omitted in models of solar and stellar differential rotation. However, numerical simulations indicate that this contribution is nonnegligible (Pulkkinen et al. 1993; Rieutord et al. 1994; Käpylä & Brandenburg 2008) , and that it may be important in driving the meridional flows in the near-surface layers of the Sun (Hotta et al. 2015; Warnecke et al. 2016) . Thus the corresponding components of the Λ effect can be written as
where ν t is the turbulent viscosity, V = V sin θ, H = H cos θ, and M = M sin θ cos θ. The factor ν t Ω is used for normalization whereas V , H, and M are dimensionless. The latter are often expanded in powers of sin 2 θ (e.g. Brandenburg et al. 1990 ):
where the dots indicate the possibility of higher order terms 1 . These coefficients can be written more compactly as
In stellar convection zones turbulence is expected to be dominated by the radial component of velocity (e.g. Käpylä et al. 2011a ). With such turbulence in the slow rotation limit, only the vertical Λ effect is expected to survive. More specifically, only the "fundamental" mode of the vertical Λ effect, with the corresponding coefficient V (0) , is expected to be non-zero (e.g. Rüdiger 1989; Kichatinov & Rüdiger 1993) . A corresponding horizontal effect, described by H (0) , does not arise in the hydrodynamic case because it would require another preferred direction to be present in the system (Rüdiger 1989) . Large-scale magnetic fields can provide such additional anisotropy in which case H (0) = 0 (Kitchatinov et al. 1994b) . The higher order components of the vertical and horizontal Λ coefficients are expected to be proportional to higher (even) powers of Ω due to the symmetry properties of Λ ijk (Rüdiger 1989; Rüdiger et al. 2014) . The theory of the meridional Λ effect is much less well developed 2 .
Observational evidence
Traditionally the most often used argument in favour of the existence of the Λ effect has been the observed cross-correlation 1 Sometimes V is expanded also in terms of powers of cos 2 θ (e.g. Kitchatinov & Rüdiger 2005) .
2 See, however, p. 117 of Rüdiger (1989) and Tuominen & Rüdiger (1989). of horizontal proper motions of sunspots which have been interpreted as the Q θφ component of the Reynolds stress (e.g. Ward 1965; Pulkkinen & Tuominen 1998) . These studies yield a value on the order of 10 3 m 2 s −1 which is positive (negative) in the northern (southern) hemisphere of the Sun. If the Reynolds stress is assumed to result in from the shear stress alone (Boussinesq ansatz):
the Q θφ component in spherical coordinates is
This implies that ν t < 0 given that sin θ > 0 and ∂Ω ∂θ > 0 in the northern hemisphere of the Sun (see the discussions in Tuominen & Rüdiger 1989; Pulkkinen et al. 1993) . A more recent result from giant cells, obtained from supergranulation tracking, suggests the same sign but two orders of magnitude lower amplitude for Q θφ (Hathaway et al. 2013 ). These results are in accordance with mean-field theory which predicts a positive Q θφ in the northern hemisphere for sufficiently large Coriolis number describing the rotational influence on the flow (Rüdiger et al. 2014) . Due to the vanishing horizontal Λ effect near the surface (Rüdiger et al. 2014) , the viscous term Eq. (12) is expected to dominate there and to produce a negative Q θφ . Such detection, however, has not been reported to date.
On the other hand, near the solar surface, where the rotational influence is weak, only the fundamental mode of the Λ effect is expected to be non-zero. This coincides with the nearsurface shear layer where the angular velocity has a uniform radial gradient of Ω independent of latitude (Barekat et al. 2014 ). This can be explained with a simple model where the meridional flows are neglected and where only the fundamental mode of the Λ effect is taken into account (e.g. Gailitis & Rüdiger 1982; Kitchatinov 2016) , yielding
where the latter is the observational result of Barekat et al. (2014) . No observational data for the behavior of Q rφ in the deep parts, or of Q rθ anywhere in the solar convection zone are currently available.
The model
Compressible turbulent fluid flow is modeled in a triply-periodic cube with or without magnetic fields. The gas is assumed to obey an isothermal equation of state p = ρc 2 s , where p is the pressure and c s is the constant speed of sound. The system is governed by the induction, continuity, and Navier-Stokes equations:
where A is the magnetic vector potential, U is the velocity, B = ∇ × A is the magnetic field, B (0) = (0, B 0 , 0) is the uniform imposed external magnetic field, η is the magnetic diffusivity, µ 0 is the permeability of vacuum, J = µ
ρ is the density, Ω is the rotation vector, and F visc and F force describe the viscous force and external forcing, respectively. The viscous force reads
where ν is the constant kinematic viscosity and
is the traceless rate of strain tensor where the commas denote differentiation.
The external forcing is given by
where x is the position vector and N = fc s (kc s /δt) 1/2 is a tensorial normalization factor. Here f contains the non-dimensional amplitudes of the forcing (see below), k = |k|, δt is the lenght of the time step, and −π < φ(t) < π is a random delta-correlated phase. The vector f k describes nonhelical transversal waves, and is given by
whereê is an arbitrary unit vector and where the wavenumber k is randomly chosen.
Units and system parameters
The units of lenght, time, density, and magnetic field are
where ρ 0 is the initially uniform value of density. The forcing amplitude is given by
where f 0 and f 1 are the amplitudes of the isotropic and anisotropic parts, respectively. Furthermore,ẑ is a unit vector in the vertical direction, and Θ k is the angle between the vertical direction and k. The forcing wavenumber is chosen from a narrow range around a predefined value k f . The remaining system parameters in the hydrodynamic cases are the kinematic viscosity ν, and the rotation vector Ω = Ω 0 (− sin θ, 0, cos θ)
T , where θ is the angle which the rotation vector makes with the vertical (z) direction. θ = 0 (90 • ) corresponds to the north pole (equator). Viscosity and rotation can be combined into the Taylor number
where L d = 2π/k 1 corresponds to the size of the computational domain and where k 1 is the wavenumber corresponding to the box size. In magnetohydrodynamic (MHD) cases the magnetic diffusivity is an additional control parameter. This is quantified by the magnetic Prandtl number, which is the ratio of the kinematic viscosity and magnetic diffusivity:
All of the simulations in the present study use Pm = 1. The imposed magnetic field strength is measured by the Lundquist number
where v A = B 0 /(µ 0 ρ 0 ) is the Alfvén speed.
Diagnostics quantities
The following quantities are outcomes of the simulations that can only be determined a posteriori. The fluid and magnetic Reynolds numbers are given by
where u rms is the volume averaged rms-velocity. The rotational influence on the flow is quantified by the Coriolis number based on the forcing scale
where
The magnetic field strength is often quoted in terms of the equipartition value
Finally, the parameters
characterise the vertical and horizontal anisotropy of turbulence.
Modeling and data analysis strategies
Numerous sets of simulations were performed where a single physical ingredient (rotation, imposed magnetic field, viscosity) was varied such that the other system parameters were kept fixed. In most cases each set of simulations consists of ten runs in which the colatitude θ is varied in steps of 10
• from the north pole to the equator. The only exceptions to this are Sets AI1-AI4 and AI1h, which were done at a fixed colatitude of θ = 45
• . The simulations are summarized in Tables 1-4. The grid resolution of the bulk of the simulations is low (144 3 ) in order to cover large parameter ranges with a reasonable computational cost. Higher resolutions were used in cases with larger scale separation ratio (Set AI1h) and higher Reynolds numbers (Sets RE7 and RE8).
The simulations were made in the f -plane approximation in Cartesian coordinates. For the off-diagonal Reynolds stresses this means moving from spherical polar coordinates to local Cartesian ones, implying (r, θ, φ) → (z, x, y). Combining this with Eqs. (3) to (11) and Eq. (27), and using the estimate ν t = 4 15 u rms for the turbulent viscosity (Kitchatinov et al. 1994a ) yields
where the tilde refers to normalization by u 2 rms , and where
It is useful to parameterize the Reynolds stress in terms of the coefficients Eqs. (6) to (8) to make the results more readily comparable with theory and usable in mean-field modeling. The numerical data from Eqs. (30) to (32) is thus fitted with Eqs. (9) to (11) with varying number of terms included. The issues related to fitting (Sect. 1) are alleviated by the fact that no large scale flows are present in the current simulations in which case (32), along with the fits to Eqs. (9) to (11) where one (black), two (red), or three (blue) first terms of the expansions are retained. Data from Sets A (top row), C, E, and H (bottom).
the off-diagonal components of the Reynolds stress can be considered to arise solely due to the Λ effect. However, the choice of the θ-dependence of the fit for the coefficients V (i) , H (i) , and M (i) still leads to non-uniqueness of the extracted coefficients.
The following procedure was used in the present study: the coefficients V (i) , H (i) , and M (i) were obtained from fits to Eqs. (9) to (11) for each set of simulations corresponding to a fixed Taylor number. Three criteria were considered in evaluating the adequacy of the fit:
1. The fit is considered acceptable if the rms deviation of the fit from the numerical data,
is smaller than the rms error of the data
where N + 1 = 10 is the number of data points in each set, θ k = k · 10
• , and where δQ data ij are the errors of the individual data points. The latter were computed by dividing the time series in three parts and averaging over each part. The greatest deviation of these from the average over the full data set was taken to represent the error. 2. Independent from criterion 1, an additional constraint is imposed on δQ fit ij : the expansions in Eqs. (9) to (11) are truncated if an additional term does not decrease δQ fit ij by more than 10 per cent. 3. In some cases when the latitudinal profile of the stress changes as a function of Ω a choice between essentially Fig. 2 . Normalized Reynolds stress components Q xy , Q xz , and Q yz , panels a)-c), respectively, from θ = 45
• as functions of Ω . In panels a) and b) data from Sets AI1 and AI1h is shown whereas in c) additional data from Sets AI2-4 is included. The dotted lines in panel c) are proportional to A V Ω . equally good fits had to be made whether to introduce a new term in the expansion. In these cases a higher-order term was taken into account if it made the Ω dependence of the coefficient smoother.
In practise, Criterion 1 cannot be fulfilled in many occasions in which cases Criterion 2 is becomes decisive, see, for example, the left and middle panels on the lower row of Fig. 2 . Criterion 3 was invoked twice: in Set E the fits with H (1) and H (2) , M
and M (2) , respectively, were roughly equally good but the latter choices lead to a smoother rotational dependence of H (i) and M (i) , see Sect. 4.3.1. Once a higher order term in the expansion is included, it is retained for all subsequent sets at higher Taylor numbers. Examples of the different fits are shown for a representative selection of runs in Figure 1 where the solid lines indicate the accepted fit according to the procedure outlined above whereas the dotted lines indicate discarded fits.
Results
Reynolds stress in the slow rotation limit
Quasi-linear theory of the Λ effect predicts that for vertically dominated turbulence only the so-called "fundamental" mode of the vertical Λ effect, corresponding to V (0) in Eq. (6), is present in the limit of slow rotation (Rüdiger 1989; Kichatinov & Rüdiger 1993) . This implies that vertical Reynolds stress is linearly proportional to Ω in this regime, or
The other off-diagonal components are predicted to be at least second order in Ω (Rüdiger 1989) . The theoretical predictions are tested by five sets of simulations where θ = 45
• is fixed and the rotation rate is varied such that the Coriolis number covers the range 0.01 . . . 0.47, see Table 1 . Figure 2 shows that the horizontal stress Q xy is positive and the meridional stress Q xz is negative, indicating H > 0 and M < 0, respectively. The numerical results are consistent with analytic results of Rüdiger (1989) , that is, Q xy ∝ Ω 3 and Q xz ∝ Ω 2 . However, due to the relatively large error ofQ xy , it is also compatible with an Ω 2 -dependence. The magnitude of the horizontal stress in this parameter regime is O(10 −4 u 2 rms ) and the error estimates are substantial although the simulations with the smallest Taylor numbers were integrated for several tens of thousands eddy turnover times. This is due to the fact that in the slow rotation limit the horizontal Λ effect is proportional to A H (Rüdiger 1980) which is rotation-induced, and which remains small in comparison to A V in this regime, see Table 1 . It is noteworthy that the meridional stress Q xz has a clearly greater magnitude in comparison to Q xy . This due to the stronger Ω dependence of the latter (Rüdiger 1989) . The vertical stress Q yz is significantly stronger than the other two components and shows a linear dependence on Co in accordance with the theoretical prediction, see Figure 2c ).
Dependence of Λ V on turbulence anisotropy
The Λ effect depends not only on rotation but also on the properties of turbulence (Rüdiger 1989 ). More specifically, analytic theories predict that the anisotropy of turbulence plays a crucial role (Rüdiger 1980 (Rüdiger , 1989 . Here the rotation-induced Reynolds stress is estimated from the Navier-Stokes equations using a minimal τ approach (for a more complete derivation, see Käpylä & Brandenburg 2008) . The time derivative of the Reynolds stress is given by:
where N i encompasses viscous and nonlinear terms. Using Eq. (38) in Eq. (37) yieldṡ
where T ij contains triple and higher order correlations. Assuming a stationary state withQ ij = 0, and approximating the triple correlations as T ij = −Q ij /τ where τ is a relaxation time, gives:
Associating this with the Λ effect, that is assuming Q
ij , the vertical (yz) component of the stress is Q
The last term on the right hand side can be omitted in the slow rotation limit where |Q xz | |Q zz − Q yy |. Furthermore, the relaxation time can be related to the turnover time /u rms via τ = St /u rms , where St is the Strouhal number. Inserting this into Eq. (41) and dividing by u 2 rms yields Q
Four sets of simulations (Sets AI1-4) were made where the anisotropy of the turbulence was systematically reduced in comparison to the maximal case by reducing the ratio of the forcing amplitudes f 1 /f 0 . Set AI1h has otherwise the similar parameters as AI1 but was done with forcing wavenumberk f = 30, see Table 1 . The runs in Sets AI2-4 were not integrated as long as those in Sets AI1 and AI1h leading to poor convergence of the stress components Q xy and Q xz . Thus these results are not shown here. The vertical stress Q yz is shown as a function of Ω from Sets AI1-4 in Figure 2 (c). The numerical results indicate that the stress, and thus the vertical Λ effect, is linearly proportional to the turbulence anisotropy in the slow rotation regime.
Comparison of the stress with Eq. (42) shows good agreement for all sets of runs with St = 0.25.
Reynolds stress and Λ effect as functions of rotation
In a stellar convective envelope the rotational influence on the flow can vary several orders of magnitude as a function of radius due to the strong density stratification. This can be seen from the Coriolis number for the Sun
where Ω = 2.7 · 10 −6 s −1 is the mean solar rotation rate, τ = H p /u conv is an estimate convective turnover time,
−1 is the pressure scale height, and u conv is the convective rms-velocity. Mixing length models of the solar convection zone (e.g. Stix 2002 ) yield values of u conv and H p such that Co ranges from 10 −3 in the photosphere, to roughly unity at r = 0.95R , while reaching values of more than ten at the base of the CZ (e.g. Käpylä et al. 2005) . At least this range in Coriolis numbers needs to be probed for the results to be usable in mean-field models of solar and stellar differential rotation. Notes. All runs have f0 = 10 −6 , f1/f0 = 4 · 10 4 ,k f = 10, and grid resolution 144
3 . The fluid Reynolds number is 14 in Sets A-H and 5.5 in Sets AA-GG. In Set I the Reynolds number varies in the range 14 Re 24.
Latitudinal dependence of the Reynolds stress
The runs probing the rotation dependence are listed in Table 2 . The values of Ω in Sets A-I range from 0.09 to 9 which roughly corresponds to the range expected in the solar convection zone. However, for the fiducial value of the Reynolds number (Re = 14), the flow develops a large-scale vortex at θ = 0 when the Taylor number is increased from 1.56 · 10 9 to 6.23 · 10 9 corresponding to 4.5 Ω 9.0, see Figure 3 . Such vortices have been obtained in the rapid rotation regime in other settings where the turbulence is driven either by compressible or Boussinesq convection (e.g. Chan 2003 Chan , 2007 Käpylä et al. 2011c; Guervilly et al. 2014) or isotropic forcing similar to the current study (e.g. Biferale et al. 2016 ). These structures dominate the flow in the statistically saturated state which explains the extreme values of A V,H , Ω , and Re in Set I, see Table 2 . In cases where the rotation vector is inclined with the direction of anisotropy, meso-scale flow structures with modes such as (k x , k y , 0) = (3, 0, 0, ) for U y appear. Such structures also dominate the Reynolds stress and overwhelm the turbulent contributions. Thus Set I is disregarded from further analysis and higher rotation rates were not explored with Re = 14. Instead, a series of runs with Re = 5.5 (Sets AA-GG in Table 2 ), roughly overlapping with Sets D-H, were made to study the rapid rotation regime. In these run vortices do not appear even at substantially higher rotation rates (up to Ω ≈ 45). This is consistent with the finding of Käpylä et al. (2011c) that a critical Reynolds number has to be exceeded for the vortices to form. The study of largescale vorticity generation and its effects on angular momentum transport will be presented elsewhere. Figure 4 shows the off-diagonal stresses Q yz , Q xy , and Q xz , respectively, from a representative selection of runs. In the case of slowest rotation (Set A, Ω = 0.09), the horizontal stress Q xy is not statistically significant whereas the meridional stress Q xz is barely so (see also Fig. 1 ). The vertical stress Q yz is welldefined due to the strong anisotropy of the turbulence already at the lowest rotation rate considered here. At more rapid rotation the horizontal (meridional) stress acquires consistently positive (negative) values at all latitudes (Set E with Ω = 0.91; 4b) . The latitude at which the horizontal and meridional stresses peak shifts toward the equator as a function of Ω . At rapid rotation the concentration of Q xy continues but is not as extreme as in local simulations of rapidly rotating convection (e.g. Käpylä et al. 2004; Rüdiger et al. 2005; Hupfer et al. 2005 ). The reason is that in convection simulations large-scale flow structures, also known as banana cells (Busse 1970) , develop near the equator and enhance the horizontal stress (Käpylä et al. 2011b) . Such flow structures are, however, absent in the current simplified models. In Sets FF and GG, with Ω = 23 and 45, Q xy shows indications of a sign change at high latitudes which was not found by Käpylä & Brandenburg (2008) 3 . The meridional stress Q xz is concentrated around θ = 45
• at intermediate rotation (Ω = 0.5 . . . 10) and no clear sign change is observed even at higher Ω . Also this differs from the results of Käpylä & Brandenburg (2008) where a sign change occured near the equator for Ω ≈ 34 in the current units. In the most rapidly rotating runs (Set GG), some indication of a sign change at high latitudes is present. Formally the differences of the current Sets A-I to the runs of Käpylä & Brandenburg (2008) are minor: the grid resolution is roughly twice better in the current simulations, and the forcing is applied atk f = 10 instead ofk f = 5. Finally, the Mach number, Ma = u rms /c s is smaller by a factor of roughly three in the current simulations. It is unclear which of the differences is causing the results to diverge at rapid rotation. The results at slow and intermediate rotation (0.09 Ω 20) are, however, in good agreement with those of Käpylä & Brandenburg (2008) .
The vertical stress Q yz is clearly the dominant component in the current models. In the slow rotation regime it shows a stable configuration such that the values are consistently negative, and the latitude dependence experiences only minor changes until around Ω ≈ 0.9, see Fig. 4 . This is consistent with theory of the vertical Λ effect at slow rotation (Rüdiger 1989) . In the rapid rotation regime a sign change occurs at high latitudes and the • , b) θ = 60 • , and c) θ = 50
• as functions of Ω , where data from Sets A-H (black) and AA-GG (red) are indicated. magnitude is drastically reduced near the equator in accordance with the results of Käpylä & Brandenburg (2008) , see the inset to Fig. 4a) . A low latitude sign change of the vertical stress is not observed in contrast to local and global convection simulations where also the vertical turbulence anisotropy changes sign (e.g. Käpylä et al. 2004 Käpylä et al. , 2014 . The magnitudes of both Q xy and Q xz increase until Ω ≈ 5 with the latter being somewhat larger at all rotation rates, see the insets to Figs. 4b) and c) . A. The decrease of the stress at rapid rotation is associated with rotational quenching of the Λ effect (Kichatinov & Rüdiger 1993 ) which is likely due to the reduced anisotropy in that regime, see Table 2 . Differences with convection simulations may be explained by the missing contributions from the heat flux in the present models (Kleeorin & Rogachevskii 2006) . 
KR05 .
Parametrization in terms of the Λ effect
The procedure outlined in Sect. 3.3 was used to extract the coefficients pertaining to the Λ effect. Figure 5 shows the results obtained from Sets A-H and AA-GG. The fundamental mode of the Λ effect is recovered in the in the slow rotation limit (Ω 0.5), manifested by V (0) tending to a constant value of ≈ −0.5 with V
(1) and V (2) being negligible. The vertical stress is well described by V (0) until Ω ≈ 1, beyond which the higher order components are needed. In the fits obtained, V
(1) and V coefficients are quenched and tend to almost zero at the highest value of Ω . The value of V (0) found in the slow rotation regime is almost exactly half of that indicated by helioseismology (Barekat et al. 2014) . The current results, however, depend crucially on the adopted value of ν t , see Eqs. (30) to (33). In fact, using ν t = 2 15 u rms (e.g. Rüdiger 1989), the observational result V (0) ≈ −1 would be recovered. The coefficients H
(1) and H (2) , corresponding to the horizontal Λ effect, are always positive in Sets A-H. The results from Sets AA-CC agree qualitatively with the higher-Re runs although the values are generally lower. This is due to the fact that the coefficients are not yet in an asymptotic regime with respect to the Reynolds number, see Sect. 4.4 and Figure 6 . In the lower-Re runs H
(1) turns negative around Ω ≈ 11. For Ω 5 a strong rotational quenching is observed and the H (i) coefficients also tend to very small values at the highest rotation rates corresponding to Ω = 23 and 45.
The hitherto poorly studied meridional Λ coefficients are shown in Figure 5c ). The simple cos θ sin θ dependence of the stress is well described by M (0) alone at slow rotation (Ω 0.5). For Ω 0.5, this behavior gives way to a stronger concentration at mid-latitudes. This is manifested by a diminishing M (0) with increasing M (1) and M (2) with almost equal absolute magnitudes but opposite signs for Ω 1. As with the vertical and horizontal Λ effects, a strong rotational quenching is observed for Ω 5. The correspondence between the lower and higher Reynolds number runs is again reasonably good.
Comparison to analytic results
In the studies of Kitchatinov (2004) and Kitchatinov & Rüdiger (2005) a distinction is made between the contributions from density stratification and anisotropy of turbulence to the Λ effect. The latter is dominant in the slowly rotating regime which corresponds to the upper layers of the solar convection zone and the current simulations. The analytic model of Kitchatinov & Rüdiger (2005) predicts the following functional forms for V (0) and H
(1) (with V (1) = −H (1) ) in the case where the Λ effect is solely due to turbulence anisotropy:
where a is an anisotropy parameter (see below), corr is the correlation lenght of turbulence, and H ρ = −(∂ ln ρ/∂r) −1 is the density scale height. The quenching functions I 0 and I 1 are given by:
where corr is the correlation length. This is taken to equal the mixing length by Kitchatinov (2004) and Kitchatinov & Rüdiger (2005) , that is corr = α MLT H p , where α MLT = 1.7 is the mixing length parameter and H p is the pressure scale height. In the present case corr is taken to correspond to the forcing scale of turbulence = 2π/k f but no scale corresponding to H ρ can be identified due to the homogeneity of the system under consideration. Here H ρ = L d is assumed for simplicity.
The analytic results V
KR05 and H
KR05 are compared with the numerically obtained coefficients V (i) and H (1) in Fig. 5 . The analytic and numerical results are in rough qualitative agreement for slow rotation (Co 1) but several differences are immediately apparent. First, the numerical data is at odds with the analytic result indicating that V (1) = −H (1) . An obvious canditate for the discrepancy is that the numerical values are obtained by fitting where V
(1) and H (1) are considered independent. The second major difference is that the numerical data for sufficiently rapid rotation (Ω 1) is incompatible with expressions of V and H which consider only terms proportional to sin 2 θ. Furthermore, in the foregoing analysis the anisotropy parameter a was kept as a free parameter and tuned such that V (0) KR05 = V (0) in the slow rotation limit. It is also possible to compute a directly using the Eqs. A14 in Appendix A of Kitchatinov & Rüdiger (2005) by substituting u 2 r = u 2 z and u
where L is a length scale for which Kitchatinov & Rüdiger (2005) used L = corr . Assuming the same, that is corr = L = , Eq. (48) can be solved with b as an input from simulations.
The maximum anisotropy used in the bulk of the simulations is A V ≈ 0.52, which yields b ≈ 2.1 and a ≈ 5.9. This is more than three times greater than the values used in the fitting above.
Dependence of Λ effect on Reynolds number
The simulations in the preceding sections were made at low Reynolds numbers in comparison to the astrophysically relevant regime. Figure 6 shows the Λ coefficients for a representative case where the Coriolis number (Ω ≈ 1.0) and turbulence anisotropy (A V ≈ 0.3) were fixed in the range Re ≈ 0.6 . . . 99. At low Reynolds numbers Re = 0.6 . . . 2 all of the coefficients are proportional to Re as expected from mean-field theory. At low Re the error bars for H (1) and M (0,1) increase because the mean values of Q xy and Q xz are small. Furthermore, the coefficients level off beyond Re 10 where they are consistent with constants although with large error bars in particular for H
(1) . These results suggest that the results obtained at Re ≈ 10 are representative of what can be expected in more turbulent cases.
Influence of large-scale magnetic fields
Dynamically significant magnetic fields are ubiquitous in astrophysical objects where the Λ effect is thought to be important. In particular, stars with convection zones harbor dynamos that produce magnetic fields on various scales. The effects of large-scale magnetic fields on the Λ effect have been studied analytically by Kitchatinov et al. (1994b) and Kitchatinov (2016) . These studies indicate that large-scale magnetic fields tend to quench the Λ effect but also that an additional H (0) effect arises in the presence of a horizontal mean magnetic field. Here the study of Kitchatinov et al. (1994b) is followed where the quenching formulae for V (0) and H (0) were calculated as a functions of the magnetic field. They found that:
β = B 0 /B eq , and These equations correspond to the case where the anisotropy is due to the density stratification and where G is describing this. These equations indicate that V (0) is monotonically quenched by magnetic fields whereas H (0) vanishes as β → 0 and obtains a maximum for β ≈ 0.94. Direct comparison to the analytic study is not possible since the turbulence intensity is homogeneous in the current simulations. Thus G is treated here as a free parameter.
Here the dependence of the Λ effect on large-scale magnetic fields is studied systematically with controlled numerical experiments where a large-scale imposed magnetic field is present (see Table 4 ). The magnetic Reynolds number (Re M ≈ 14) is chosen such that it does not exceed the critical value Re M ≈ 30 for a small-scale dynamo to be excited (Brandenburg 2001) . The same analysis as above in the hydrodynamic case is performed on the total turbulent stress:
where M ij = µ −1 0 b i b j is the Maxwell stress. In the current fully periodic and homogeneous case no large-scale magnetic fields, apart from the imposed field B (0) , are present. Lundquist numbers ranging from 0.1 to 50 are studied in Sets LSF1-9, see Table 4 . This range corresponds to 7 · 10 −3 . . . 3.5 in terms of the equipartition strength B eq .
The Λ coefficients obtained from the numerical models are shown in Fig. 7 . The effect of the large-scale magnetic field begins to be noticiable for Lu = 1 corresponding to roughly 0.1B eq , although M
(1) and M (2) are affected already by weaker fields. For stronger fields the magnitude of all coefficients, except H (0) , start to decrease. The existence of a non-zero H
has been predicted analytically by Kitchatinov et al. (1994b) and the current simulations confirm this finding numerically for the first time. This part of the Λ effect arises not only due to a negative contribution from the Maxwell stress but also from a gradual sign change of the Reynolds stress starting from the poles (see, Fig. 8 ). In the case of the strongest imposed field (Set LSF9 with β ≈ 3.5) the horizontal stress in negative at all latitudes apart from the equator. Note that in reality the stress must vanish at the poles because B φ in spherical polar coordinates (corresponding to B y in the current coordinates) also vanishes. The analytic results, where G is tuned to match the numerical results of V (0) at β = 0 and the maximum amplitude of H (0) , are shown alongside the numerical results in Fig. 7 .
Significant magnetic quenching is apparent for all coefficients except H (0) clearly before equipartition strength is is obtained for Lu = 10 (Set LSF7) corresponding to B 0 ≈ 0.8B eq , after which its magnitude also decreases. This is somewhat lower than the analytically predicted value of β ≈ 0.94. The apparently deviating behavior, that is increasing magnitude for β 0.3 of V (1) , H (2) , and M (0) is due to the fact that the latitude distribution of the stress changes as a function of B. The magnetic quenching comes about because the Maxwell stress has a similar latitude distribution but is of opposite sign in comparison to the Reynolds stress. Moreover, the Maxwell stress increases monotonically as a function of the imposed magnetic field, see Fig. 9 . However, also the Reynolds stress increases for β 1. The tendency of the Reynolds and Maxwell contributions to cancel is reminiscent of the behavior of the total turbulent stress in semi-global convection simulations where small-and large-scale dynamos are simultaneously excited (Käpylä et al. 2017b ).
Conclusions
The non-diffusive contribution to the Reynolds stress, or the Λ effect, from numerical simulations of homogeneous anisotropically forced turbulence was found to agree with analytic theory derived under the second-order correlation approximation. This includes the scaling of the off-diagonal Reynolds stress for slow rotation and the proportionality of the vertical Λ on the vertical turbulence anisotropy A V . Furthermore, the Reynolds stress is proportional to the Reynolds number at low Re. At more rapid rotation (Ω 1) the numerical results indicate more complex latitude dependences that predicted by theory. This entails higher than second power of sin θ being required for adequate fits of the data. At rapid rotation (Ω 3 . . . 5 depending on the stress component), a strong rotational quenching was observed. Such quenching is predicted by theory (e.g. Kichatinov & Rüdiger 1993; Kitchatinov & Rüdiger 2005 ) but occurs at more rapid rotation in the simulations.
The bulk of the current results are restricted to low values of the Reynolds number (Re = 6 . . . 14). Current results indicate that the Reynolds stress and the deduced Λ effect become independent of Re between 10 < Re < 20 at slow rotation. At rapid rotation the system develops large-scale flows in the form of vortices that have a profound influence on the dynamics. Such vortices are ubiquitous in rapidly rotating turbulent systems (e.g. Yeung & Zhou 1998; Chan 2003; Favier et al. 2014 ) at sufficiently rapid rotation and Reynolds numbers. Thus it would appear to be logical to assume that large-scale voctices would dominate the dynamics in rapidly rotating astrophysical objects where the Reynolds numbers are much higher than in the current simulations. However, the vortices are also known to turn into jets in systems with horizontal aspect ratios unequal to one (Guervilly & Hughes 2017) and to promote large-scale dynamo action (Bushby et al. 2017) . Strong magnetic fields, however, can also quench the vortices (Käpylä et al. 2013) .
A strong quenching of the Λ effect was found in the case where an imposed horizontal uniform magnetic field was introduced into the system. This is manifested by a decreasing total stress which is due to Reynolds and Maxwell contributions having opposite signs. This is reminiscent of recent convectiondriven dynamo simulations where a strong quenching of differential rotation was attributed to a magnetically quenched Λ effect (Käpylä et al. 2017b) . The current results also confirm the analytic prediction (Kitchatinov et al. 1994a) of an H (0) component which is due to an additional anisotropy introduced by the imposed field. Another remarkable aspect is that whereas the Reynolds numbers of the current simulations are low, they are still well outside the formal validity range of second-order correlation approximation (e.g. Krause & Rädler 1980 ), yet the numerical results are at least in qualitative agreement with the theoretical predictions.
The current results regarding the slow rotation regime and magnetic quenching of the Λ effect possibly open a window to the estimation of the subsurface magnetic field in the Sun via the solar cycle dependent near-surface shear (Kitchatinov 2016; Barekat et al. 2016) . The missing piece of this puzzle is the magnetic field dependence of the turbulent viscosity, that is ν t = ν t (B). Another pressing issue is the role of the large-scale vortices in the angular momentum transport in the rapidly rotating regime. Such studies are, however, likely to require more sophisticated methods to extract the turbulent transport coefficients.
